Abstract. Let X be a Hilbert space and let Ω ⊂ R n be a bounded domain with smooth boundary ∂Ω. We establish the existence and norm estimation of solutions for the parabolic partial functional integro-differential equation in X by using the fundamental solution.
1. Introduction. Let X be a Hilbert space and let Ω ⊂ R n be a bounded domain with smooth boundary ∂Ω. We consider the following parabolic partial functional integrodifferential equation. 
k(t, s)G s, u(s − h), x + H t, s, u(s − h, x) ds

+ F t, u(t − h, x) + f (t,x), 0 < t ≤ T , x ∈ Ω,
(1.1)
where Ꮽ i (i = 0, 1, 2) are elliptic differential operators, f is a forcing function, h > 0 is a delay time, a(s) is a real scalar function on [−h, 0], G, H, and F are nonlinear functions, and k is a kernel. The boundary condition attached to (1.1) is, e.g., given by the Dirichlet boundary condition 2) and the initial condition is given by
From [4] , the above mixed problems (1.1), (1.2) , and (1.3) can be formulated abstractly as
a(s)A 2 u(t + s) ds
+ t 0
k(t, s)G(s, u s ) + H(t, s, u s ) ds + F(t,u t ) + f (t), 0 < t ≤ T ,
(1.4) 
The fundamental solution is constructed in Tanabe [8] . In this paper, we establish the existence and norm estimation of solutions for the equation (1.5) by using the fundamental solution.
Preliminaries.
Let H be a pivot complex Hilbert space and V be a complex Hilbert space such that V is dense in H and the inclusion map i : V → H is continuous. The norms of H, V , and the inner product of H are denoted by | · |, · , and ·, · , respectively. Identifying the antidual of H with H, we may consider that V ⊂ H ⊂ V * .
The norm of the dual space V * is denoted by · * . We consider the following linear functional differential equation on the Hilbert space H.
Let a(u, v) be a bounded sesquilinear form defined in V × V satisfying Gårding's inequality
where c 0 > 0 and c 1 ≥ 0 are real constants. Let A 0 be the operator associated with this sesquilinear form It is proved in Tanabe [6] that A 0 generates an analytic semigroup e tA 0 = T (t) both in H and V * and that T (t) :
is bounded and linear from V to V 
and W (t) is constructed by Tanabe [7] under the Hölder continuity of a(s).
Theorem 2.1 [2]. The fundamental solution W (t) is strongly continuous in V ,H, and V
* , and for each t > 0,
For each t > 0, we define the operator valued function U t (·) by
Let T > 0 be fixed. Associated with U t (·), we consider the operator ᐁ :
In what follows, in order to consider the solutions in the state space
Then, by Theorem 2.2, we getû
if (2.12) is satisfied.
Existence and uniqueness of functional integro-differential equations.
Using the fundamental solution W (t) in Section 2, we consider the following abstract functional integral equation.
where u(t; f ,g) is given by (2.11).
We list the following hypotheses. 
The function k(t, s) is Hölder continuous with exponent α, i.e., there exists a positive constant a such that
12). Assume that the hypotheses (A 1 )-(A 4 ) hold. Then there exists a time t 1 > 0 such that the functional integral equation (3.1) admits a unique solution v(t) on [0,t 1 ].
Proof. We prove this theorem by using the method of successive approximations.
Set v 0 (t) = u(t; f ,g), t ≥ 0. Letv 0 (t) be the extension of v 0 (t) on [−h, T ] by (2.13).
Then, by the assumptions on f and g, we havev 0 (t) ∈ C([−h, T ]; H). By hypotheses (A 1 )-(A 4 ), we define {v n } ∞ n=0 ⊂ C([−h, T ]; H) successively by v n (t) = u(t; f ,g)
+ t 0 W (t − s) s 0 k(s, τ)G τ,v n−1 τ + H s, τ,v n−1 τ dτ + F s, v n−1 s ds, 0 < t ≤ T , (3.5) v n (θ) = g(θ), θ ∈ [−h, 0]. (3.6)
It is obvious that M = sup t∈[0,T ] W (t) L(H) is finite and that
v n+1 (θ) −v n (θ) = 0, θ ∈ [−h, 0]. (3.7) For 0 ≤ t ≤ T ,
we have, by (A 1 )-(A 4 ) and the strong continuity of W (t) on [0,T ],
where
and c 2 = ML 3 . We now choose a sufficiently small constant t 1 > 0 such that
Then by (3.6), (3.8) , and (3.9), we get 
Hence, by letting n → ∞ in (3.5), in view of (A 1 )-(A 4 ) and (3.11), we get 
. This proves the uniqueness.
, by Theorem 2.1, we see that the solution v(t) of (3.1) satisfies
s)G(s, v s ) + H(t, s, v s ) ds
In this sense, we call this v a mild solution of
We give a norm estimation of the mild solution of (1.5) and establish the global existence of solutions with the aid of norm estimations. It is well known (cf. Lions and Magenes [3, Prop. 2.1, Thm.
Lemma 3.1 [5] . 
Kt , (3.18) where c is a positive constant which does not depend on v.
Proof. From hypotheses (A 1 )-(A 4 ), we have
Hence, by (2.10) and (3.15),
(3.20)
By using Lemma 3.1, we get (3.22) for some constants c and K.
Special Issue on Singular Boundary Value Problems for Ordinary Differential Equations
Call for Papers
The purpose of this special issue is to study singular boundary value problems arising in differential equations and dynamical systems. Survey articles dealing with interactions between different fields, applications, and approaches of boundary value problems and singular problems are welcome.
This Special Issue will focus on any type of singularities that appear in the study of boundary value problems. It includes:
• Theory and methods 
